Math 135, Calculus 1, Fall 2020
09-16: Limits, Velocity, and Tangent Lines

A. VELOCITY

Calculus is a set of tools to analyze functions. Sir Isaac Newton, one of the founders, was
motivated to invent the subject in order to verify Kepler’s law of planetary motion. In particular,
this required an understanding of the mechanics of an objects velocity.

If s(t) describes the position of an object at time ¢, the average velocity over some time
interval [t1, t2] is given by the ratio of the change in position to the change in time:
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Exercise 1. A group of students are driving from Holy Cross to Boston for a day trip.

(a) It takes them 51 minutes to drive the 40 miles between Worcester and Boston. What was
their average velocity on this leg of the trip?

(b) They hit traffic on the way back. If they left Boston at 5 pm and arrive back in Worcester at
7:30pm, what was their average velocity on their return trip?
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A.1l. Geometric Interpretation. Looking at the graph of the function s(t), we see that M
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also gives the slope of the secant line, the line connecting the points on the graph of s(t) é\t t - th
and t = t5:
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A.2. Instantaneous Velocity. But Newton needed to know the instantaneous velocity, the speed
at a particular moment in time, the “speedometer reading”. We can approximate this value by
looking at the average velocity over smaller and smaller intervals:

Exercise 2. Suppose that s(t) = t? + 4t + 3 describes the position of an object (in feet) at time ¢ (in
seconds). Compute the average velocity over each of the following time intervals:

(@) [1,2]

() [1,1.1]

(©) [0.99,1]

(d) [0.999,1]

(e) Based on these computations, what is the instantenous velocity at time t = 1?

A.3. Geometric Interpretation. As we look over smaller and small time intervals, the secant lines
approach the tangent line, which abuts the graph at precisely one point: Take a look at this Desmos
demonstration: https://www.desmos.com/calculator/8ubngtz3ei.

Looking at the slopes of the secant lines, they limit, i.e. approach, a specific value: the slope of
the tangent line.

average velocity = slope of secant line = 15,

instantaneous velocity = slope of tangent line = m1;,,

The slope of the tangent line is the limit of the slopes of the secant lines:
Mgy = lim Mgec
th—tq

which we read as “my,,, is the limit of m;,. as t, goes to t;”. This means:

¢ we are considering the quantity ms,. as t, approaches t;
e the values of m;,. appraoch some specific number
e that specific number is in fact m;,,, the limit.

Limits are the technical heart of all of calculus.


https://www.desmos.com/calculator/8ubngtz3ei

B. LimiIts

Definition. Given a function f(x), we say that the limit of f(x) as x approaches c is equal to the number
Lif |f(x) — L| can be made arbitrarily small by taking x sufficiently close (but not equal) tto c.
In this case, we write

%Ciirgf(x) =L

and say “f(x) approaches L as x goes to c”.

" y =f(x)

X>c~x
Example. For Exercise 2 we computed that
t>+4t -5
lim ———— =6.
t—>1 t-1

Note that, even though tzi# is not defined at t = 1 (can’t divide by 0), the limit still exists. We only
care about the value that the function approaches as we get close to the point in question. The
actual value of the function (or lack thereof) at the destination point is irrelevant.

Exercise 3. Use Desmos (or your graphing calculator) to compute/estimate the following limits, if
they exist:

. sin® . .
(a) lim o Does your answer depend on whether we are using degrees or radians?

0-0

(b) lim (1 + x)"/*.
x—0
1
lim sin [
(c) lim sm(x)

(d) lim x sin (1)
x—0 X


https://www.desmos.com/calculator
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